We present some general equalities between Kloosterman sums over finite fields of arbitrary characteristics. In particular, we obtain an explicit Kloosterman sum identity over finite fields of characteristic 3.
Introduction
Let p be a prime, where ω is a fixed complex primitive pth root of unity. To simplify notation, we simply write K(b) for K (1, b) . It is easy to see that K(a, b) = K(ab) for all a ∈ F * p m , and K(b) = K(b p ) for all b ∈ F p m .
Kloosterman sums have been studied extensively in number theory. They also found many applications in coding theory and design theory [6, 8] . In general, the Kloosterman sums K(b), b ∈ F * p m , tend to be distinct up to the action of Gal(F p m /F p ), see for example [1, 2] , and [10] . Indeed, it was conjectured in [10, p. 191 ] that the (p m − 1) Kloosterman sums K(b), b ∈ F * p m , are distinct up to the action of Gal(F p m /F p ) if p 2m. A weaker version of this conjecture was proved in [10] . However, when p is small compared with m, there exist nontrivial equalities of the form K(a) = K(b), where b = a p i for any i ∈ {1, 2, . . . , m − 1}. It turns out that when p = 2 there even exist nontrivial identities between Kloosterman sums, of the type K(f (c)) = K(f (c + 1)) for certain functions f . As far as we know, all known identities of this type are over finite fields of characteristic 2 (cf. [9, 3, 4] ). We briefly review these results.
Let 
When p = 2, Hollmann and Xiang [4] proved the following results.
) is a Kloosterman polynomial over F 2 m , then the following identity holds:
As an application of Lemma 1.1, the following identities were proved by constructing certain specific Kloosterman polynomials over F 2 m . Theorem 1.2. For every b ∈ F 2 m \F 2 , the following identities hold:
Remark 1.3. The identities (1.1) and (1.2) were first proved in [3] . Prior to [3] , (1.1) was proved in [9] for all odd m. All three identities and a few more were obtained by Kojo [5] by using modular curves of genus zero.
In this note, we will prove some general Kloosterman sum equalities over finite fields of arbitrary characteristics, including some explicit nontrivial ones in characteristic 3. We also obtain an explicit Kloosterman sum identity in characteristic 3 that was announced previously in [4] . We first give a definition.
With this definition, we have
∈ F p , then for all u ∈ F p , the following equality holds:
∈ F p and all u ∈ F p , the following identity holds:
Theorem 1.8. With notation as above, we have for all
The proofs of these results will be given in Section 3. We make some preparations in Section 2.
Preliminaries
We first state the well-known Hilbert's theorem 90. A proof of this result can be found in many places, for example in [7, p. 56 ]. The following lemma will be useful in our discussion.
Proof. Assume to the contrary that for all x ∈ T 0 , one has Tr(ax) = 0. Then viewed as polynomials over
By the definition of T 0 , we also have 
Since ω Tr(ax 0 ) = 1, we deduce from (2.1) the desired result. 2
For future use, we define for a, b ∈ F * p m and i ∈ F p ,
Similar to Lemma 3.1 in [4] , we have the following lemma.
Adding the above equations, we have , b) satisfy the following homogeneous linear system:
The coefficient matrix of this linear system is clearly nonsingular. Hence K i (a, b) = 0 for all i = 0, 1, . . . , (p − 1). The proof is complete. 2
Proofs of the main theorems
We first prove several properties of b-balanced functions. 
Proof. Clearly we have
Therefore x∈T i ω Tr(bf (x)) = 0 if and only if
Noting that the minimal polynomial of ω over the field of rational numbers is 1 + X + X 2 + · · · + X p−1 , we see from (3.1) that Hence the result now follows from Proposition 3.1. 2
Now noting that
The next corollary gives the relationship between Kloosterman polynomials and globally balanced maps.
Corollary 3.3. If L c,d (X) is a Kloosterman polynomial over F p m , then the function L c,d :
The proof of Corollary 3.3 is immediate from the definition of Kloosterman polynomial and Proposition 3.2. We are now ready to give the proof of Theorem 1.5.
Proof of Theorem 1.5. By Lemma 2.4, if we can show that
for all i ∈ F * p , then the conclusion of the theorem will follow. Indeed, for i ∈ F * p we have, We will present two proofs of this lemma. The first proof shows that the systematic way of proving such results as developed in [4] (see, for example, the proof of Theorem 4.1 in [4] ) works here too. The second proof is a simple direct proof.
The first proof of Lemma 3.4. It is obvious that Tr
be the map from F 3 m to itself induced by L 1,5 (X). We will show that L 1,5 is a bijection from T i to T i for i = 1 and 2.
If there exist x, y ∈ T i , i = 1 or 2, x = y, such that
Since Tr(x) = Tr(y) and x = y, there exists an element z ∈ F 3 m such that y = z 3 − z + x, z / ∈ F 3 . Let
Then it follows from (3.2) that
So P (x, z) = 0, or P (x, z + 1) = 0, or P (x, z − 1) = 0. We will only consider the case where P (x, z) = 0 since the substitution z → z − 1 (respectively z → z + 1) changes P (x, z + 1) (respectively P (x, z− 1)) into P (x, z). Therefore, we assume that x ∈ T i (i = 1 or 2) is a solution of the quadratic polynomial
The discriminant of (3.
. It follows that Tr(x) = 0, contradicting the assumption that x ∈ T i , i = 1 or 2. The proof of the lemma is complete. 2
The 2nd proof of Lemma 3.4. Let α ∈ T i , where i = 1 or 2. If there exists x ∈ T i such that
Therefore in order to prove the lemma, we only need to show that the polynomial
has at most one solution in F 3 m . Assume to the contrary that the above polynomial has two solutions a, b ∈ F 3 m . We have
where A, B ∈ F 3 m . Comparing the coefficients of X 3 , X 2 and so on, we have
From (3.7), we find that B = 1/ab. From (3.6), we find that A = a+b a 2 b 2 . Multiplying both sides of (3.5) by (a+b) ab , we find that Tr   0  100  0  1  010  0  2  001  2  3  210  0  4  021  2  5  212  1  6  111  2  7  221  2  8  202  1  9  110  0  10  011  2  11  211  2  12  201  2  13  200  0  14  020  0  15  002  1  16  120  0  17  012  1  18  121  2  19  222  1  20  112  1  21  101  2  22  220  0  23  022  1  24  122  1  25  102  1 Therefore Tr(A) = −Tr(a + b). Now from (3.4), we see that Tr(A) = Tr(α), which by assumption is nonzero. It follows that a + b = 0. Now rewrite (3.5) as
Noting that (3.8) can be rewritten as (a + b) 2 = ab(ab − 1) 2 , we have
Therefore Tr(A) = 0, contradicting our assumption that Tr(α) = 0. The proof is complete. 2
We are now ready to give the proof of Theorem 1.8.
Proof of Theorem
is a Kloosterman sum polynomial over F 3 m . It follows from Theorem 1.5 that
Substituting b by b 3 yields the desired result. 2
Finally we present an example to illustrate that there exist c, d
Example 3.5. Let β be a primitive element of F 3 3 satisfying β 3 − β + 1 = 0. The elements of F 27 together with their traces are listed in Table 1 .
Note that β 17 is not conjugate to β 19 , hence this equation represents a nontrivial result.
is not globally balanced and so it is not a Kloosterman polynomial.
In Table 2 we list all polynomials of the form L 1,d (X) = X + k 1 X 25 + k 2 X 25 * 3 + k 3 X 25 * 9 with k 1 , k 2 , k 3 in F 3 , indicating whether the induced functions L 1,d : F 27 → F 27 are globally balanced (GB), b-balanced for some b's (we list the cycleleaders that produce nontrivial equations), or not balanced (NO).
From Table 2 , we see that there is only one Kloosterman polynomial of the form L 1,d (X) = X + k 1 X 25 + k 2 X 25 * 3 + k 3 X 25 * 9 with k 1 , k 2 , k 3 in F 3 . However, there are many b-balanced functions induced by polynomials of this form. From Theorem 1.5, we can obtain many equalities between Kloosterman sums by using b-balanced functions, and many of these are nontrivial.
The behavior in Table 2 1,9 (x) ), however none of these produced a nontrivial Kloosterman equality. More extensive computations are needed to draw further conclusions; but at present we cannot rule out the possibility that no nontrivial Kloosterman equalities can be produced by this method for p 5.
